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Existence of Solutions of Nonlinear Impulsive 
Differential Equations with Exponentially 
Dichotomous or Dichotomous Linear Part 

D. D. Bainov,' S. I. Kostadinov, 1 and P. P. Zabreiko 2 
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Sufficient conditions for the existence and uniqueness of solutions of nonlinear 
impulsive differential equations with exponentially dichotomous or dichotomous 
linear part are found. 

I.  I N T R O D U C T I O N  

The present paper  is devoted to the fundamental theory of  impulsive 
differential equations in a Banach space. The main results are obtained under 
the assumption that the linear part  of  the impulsive differential equation 
considered is exponentially dichotomous or dichotomous. Some of  the 
results obtained are new for equations without impulse effect as well. 

2. S T A T E M E N T  OF THE P R O B L E M  

By I we shall denote R or ~+ = [0, ~ )  and by J we shall denote either 
Z or ~ u {0}. 

Let X be an arbitrary Banach space with identity idx, Consider the 
impulsive differential equation 

dx 
- - = A ( t ) x + F ( t ,  x) [,~t,, (1) 
dt 

x(t, + ) = Q,x(t~) + H,,(x(tn)) ( n ~ J )  (2) 
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where T= {tn}n~J is a finite or infinite sequence in /. We shall say that 
condition (H1) is satisfied if the following conditions hold: 

HI.1. A(t) ( te l )  is a continuous operator-valued function with values 
in the Banach space L(X) of all linear bounded operators acting in X. 

H1.2. QneL(X) (neJ). 
H1.3. The function F(t, x): I x X  ~ X is continuous. 
H1.4. H,: X ~ X (he J) are continuous operators. 
H1.5. 

tn<&+l (neJ) (3) 

lim t ,= • (4) 
n ~ •  

Consider the linear impulsive differential equation 

dx 
- A ( t ) x  ( t r  neJ)  (5) 

dt 

x(t +) = Q,x(t,) (neJ) (6) 

As shown, for instance, in Zabreiko et al. (1988), if the operators Q, 
have bounded inverse ones, then for the linear equation (5), (6) there exists 
a Cauchy operator U(t) ( tel)  by means of which each solution x(t) of (5), 
(6) for which x ( r ) =  ~eX has the form 

x( t )= U(t)U-1(r)~ (r, te l )  

Definition 1. The linear impulsive differential equation (5), (6) is said 
to be exponentially dichotomous if in X there exist projectors P+ and P_ 
(P+ + P -  =idx) and positive constants Nj, N2, vl and v2 for which 

II g(t)P+ g-l(r) l l  <_Nle -v~('-') (s<_t; t, seI)  (7) 

Ilg(t)e_g-~(r)ll<N2e -V2('-~ (t<s; t, seI)  (8) 

Definition 2. The linear impulsive differential equation (5), (6) is said 
to be dichotomous if in X there exist projectors P+ and P_ (P+ + P -  = idx) 
and a positive constant D for which 

IfU(t)P+U-'(r)ll<_O (s<_t; t, seI)  (9) 

rlU(t)e_u-l(r)l l<D (t<s; t, seI)  (10) 

The exponential dichotomy and the dichotomy of linear ordinary 
differential equations in a Banach space have been investigated, for instance, 
Daleckii and Krein (1974) and Massera and Sch/iffer (1966). Some initial 
investigations of these properties for linear impulsive differential equations 
have been carried out in Bainov et al. (1989a,b). 
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Definit&n 3. The nonnegative function m(t) is said to be integrally 
bounded if for some l > 0 the following inequality is valid: 

t t + l B(m(t))=sup re(r) d r <  ~ (11) 
t E I  

Definition 4. The sequence of nonnegative numbers {mn}nEJ is said to 
be integrally bounded if the following inequality is valid: 

B(m/) = sup Z ILmjlk < m (12) 
t e l  t < t j < _ t + l  

Set 

( .  
L(m(t)) = Ji re(r) dr (13) 

L(m/) = E m~ (14) 
j ~ J  

We shall say that the function F(t, x) ( t e l  x~X) and the operators / / j  
(jEJ) satisfy the condition (H2) if the following conditions hold: 

H2.1. 

IIF(t, x)l[ <_m(t) (]lxll <_r, tel)  (15) 

H2.2. 

1IF(t, xl)-F(t ,  x2)ll <k(t)llXl-x2ll(lLx, [/, Ilx2H <r, tel)  (16) 

H2.3. 

H2.4. 

]lHj(x)l[~mj ([IxLI ~r,  j~J) (17) 

HHs(x0-Hj(x2)H ~kjllx,-x21[ (Nxll <r, jeJ) (18) 

Definition 5. The function F(t, x) and the operators ~ belong to the 
class ED(a~, a2, a3, a4, r) if the functions m(t) and k(t) are integrally 
bounded and B(m(t))<_a~, B(k(t))<az, and the sequences {mj} and {kj} 
are integrally bounded and B(m/)<a3, B(k/)<a4. 

Definition 6. The function F(t, x) and the operators /-/; are said to 
belong to the class D(al, a2, a3, a4, r) if the functions re(t) and k(t) are 
integrable on I and L(m(t))<_al, L(k(t))<_a2, and the sequences {m/} and 
{k/} are summable on J and L(m/)<_a3, L(kj)<_a4. 
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3. MAIN RESULTS 

Theorem 1. Let the following conditions hold: 
1. The linear impulsive differential equation (5), (6) is exponentially 

dichotomous with projectors P, and P2. 
2. Conditions (HI) and (H2) hold. 
3. F(t, x) and ~ belong to the class ED(a,, a2, a3, a4, r). 
4. The operators Qn have bounded inverse ones. 
Then for an arbitrary r > 0, for sufficiently small values of a,, a2, a3, a4 

the impulsive equation (1), (2) has a unique solution x(t) which is defined 
for t e a  and for which IIx(t)ll _<r ( t ~ ) .  

Proof Let C(X) be the space of all bounded functions x: ~ ~ X which 
are continuous for tq~ T, have discontinuities of the first kind for t~ T, and 
are continuous from the left, with norm 

IIIxlll = s u p  XIx(t)I[ 
t e n  

The space C(X) is Banach. Consider the operator Q: C(X) ~ C(X) defined 
by the formula 

(Qx)(t) = 6(t, r)F(r ,  x(r))  dr + a(t, t f )N. (x( tA)  
o~ j =  - o o  

(19) 

where 

~U(t)P,U-'(r) ,  r < t  
G(t, r)=[_U(t)P2U_,(v)  ' t < r  

(r, teR) 

We shall show that the ball IIIxlll ~ r is invariant with respect to Q and 
the operator Q is contracting. The following inequality is valid: 

i II(Qx)(t)H <- IlG(t, v)ll liE(r, x(r))H dr 
~5 

+ IlG(t, r)ll liE(r, x(r))ll dr 

+ 2 [IG(t, tf)ll IIt-Ij(x(ts))ll 
t i < t  

+ Z IIG(t, tf)lP liHj(x(tj))l[ (20) 
t <  0 
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It is standard to verify that for the first and second integrals in (20) the 
following estimates are valid: 

f_  Nlal I]G(t, r)l] I[F(r, x(v))l[ d r < - -  
--I  --e -vl 

; ~ [LG(t, r)ll IIg(r. x(r))l l  d r <  g2al 
- 1 - e -  v2 

Analogously for the sums in (20) we obtain the estimates 

Nla3 
E HG(t, tf)ll ILnj(x(tj))H < - -  

tj<t -- I -- e - Vd 

N2a3 
E IlG(t, tf)[I IIHs(x(tj))ll _ < - -  

t <__tj 1 - -  e -  v21 

For sufficiently small al,  a3 the operator Q maps the ball IIIxlll < r  into 
itself. 

Let Xl, x2 be arbitrary elements of the ball IIIxlll <_r. Then it is standard 
to verify that for I] Qxt ( t ) -  Qx2(t)11 the following estimate is valid: 

1[ ( Qx O( t) - ( Ox2)( t) ][ 

[ a2Nl a2N2 a4Nl a4N2 I 
-< IIIxl - x=lll/1 _ e~ ' -t + + - -  

l _ e-V2 l _ e-  V.t l _ e-  V2t] 

For sufficiently small a2 and a4 the operator Q is contracting in the ball 
IIIxlll _<r, hence it has a unique fixed point. It is not hard to verify that each 
solution of the impulsive equation (1), (2) lying in the ball IIIxlll-r is also a 
solution of the equation 

x( t) = Qx( t) 

and vice versa. 
Theorem 1 is proved. �9 

Remark 1. If the conditions of Theorem 1 are fulfilled and if, moreover, 
F(t, 0 ) = H j ( 0 ) = 0  ( teN, jeT/) ,  then x = 0  is a unique solution of (1), (2) 
in C(X) .  

Theorem 2. Let the following conditions hold: 
1. The linear impulsive equatiofi (5), (6) is dichotomous with projectors 

PI and P2. 
2. Conditions (HI)  and (H2) hold. 
3. F(t, x)  a n d / / j  belong to the class D(al,  a2, a3, a4, r). 
4. The operators Qn have bounded inverse ones. 
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Then for each r for sufficiently small values of a~, a2, a3, and a4 the 
impulsive equation (1), (2) has a unique solution x(t) which is defined for 
te[~ and for which Ilx(t)]l < r  ( t ~ ) .  

Proof  In the proof of Theorem 1 it was mentioned that each solution 
x(t) of the impulsive equation (5), (6) satisfies the equation 

x( t )=  G(t, r )F(r ,  x(r))  d r +  ~ _ G(t, t f )Hj(x( t i )  ) 
o{3 j =  - -o0  

and vice versa. For II(Qx)(t)[I, where the operator Q is defined in (19), we 
obtain the following estimate: 

IIQx(t)ll < D  liE(r, x(v)){] d r + D  _ IlHj(x(tj))l[ 
- -o0 j =  --o0 

<_D re(r) dr + D mj 

= D(L(m( t ) )  + L(mj))  < O(al -I- a3) 

For sufficiently small al and a3, O maps the ball Hlxlll-< r into itself. Let x~, 
x2 be arbitrary elements of the ball IIIxlll _<r. 

Then for IIIQxl- Qx2111 we obtain the estimate 

IIIQxl - Qx21ll < D[[Ixl - x2lll(a2 + a4) 

For sufficiently small a2 and a4 the operator Q is contracting and has 
just one fixed point in the ball IIIxlll-<r. 

Theorem 2 is proved. [] 

Theorem 3. Let the following conditions hold: 
1. The linear impulsive equation (5), (6) is exponentially dichotomous. 
2. Conditions (HI) and (H2) hold. 
3. F(t, x) and Hj belong to the class ED(al,  a2, a3, a4, r). 
4. The operators Q, have bounded inverse ones. 
Then for each r for sufficiently small al,  a2, a3, and a4 there exists p < r 

such that for II ~ 11 < P the impulsive equation (1), (2) has a unique solution 
x(t) on 0~+ for which P ix(0)=~  and IIx(t)P[ _<r ( tel l+) .  

Proof It is standard to check that each solution x(t) of (1), (2) on ~+ 
satisfies the equation 

x(t)  = (Qx)(t)  (21) 
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where Q is an operator defined by the formula 

(Qx)(t)= g(t)~+ G(t, r)F(r, x(r))  dr 

+ ~ G(t, t+)ttj(x(tj)) (22) 
j=O 

and conversely, each solution of (21) lying in the ball IIIxl[I ___r is a solution 
of (1), (2). 

It is not hard to check that for [I (Qx)(t)II the following estimate is valid: 

H(Qx)(t)U <_2 + N1 e -v'~t-~) liE(r, x(r))][ dr  

f; } + N= e -u2r kIF(r, x(r))lL dr 

+t  N, ~ e -"'('-tj) IIHs(x(tj))l I 
t tj<_t 

+ N= • e-'2('J-')NIts(x(tj))ll} 
t<tj  

For sufficiently small al and a3, Q maps the ball I]]x]ll-< r into itself and 
it is a contracting operator. 

Theorem 3 is proved. �9 

Corollary 1. Let the conditions of Theorem 3 hold and let x~(t) and 
x=(t) be two solutions corresponding to the initial data ~ and 7/. Then the 
following estimate is valid: 

Hx,(t) -x2(t)[I <C,e-~l[~ - rill (t~R+) 
where C, > 0 is a constant and/.t e (0, min(vl,  V2)). 

Proof From representation (24) and the conditions of Theorem 3 for 
u(t) = [Ix1 ( t ) -  x2(t)II there follows the validity of the inequality 

fo' u(t)< H~- ql]Ne -~t+ Nle-~(t-~)m(r)u(r) dr 

+ N~e-~(~-')m(r)u(r) dr+ F~ Nle-~('-'~)mju(tj) 

+ ~. N~e-~"F~mju(tj) 
t/>t 

which implies the assertion of Corollary 1 [see Theorem 3 of Bainov et al. 
(1989a)]. �9 
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Theorem 4. Let the following conditions hold: 
1. The linear impulsive equation (5), (6) is dichotomous. 
2. Conditions (HI) and (H2) hold. 
3. F(t, x) a n d / / j  belong to the class D(a~, a2, a3, a4,  r) .  

Then for any r > 0 for sufficiently small values of a~, a2, a3, and a4 there 
exists p < r such that for {I ~ 11 < P the impulsive equation (1), (2) has a unique 
solution x(t) on N+ such that P~x(O) = ~ and Ilx(t)If < r (t~ ~§ 

Proof In the proof of Theorem 3 it was mentioned that each solution 
of (1), (2) lying in the ball [llxlll-< r satisfies equation (21) and vice versa. For 
[t(Qx)(t)[[, where the operator Q is defined in (22), we obtain the estimate 

~0 ~176 
II(Qx)(t)ll <_D. r~+D re(t) dt 

2D 

r 
+D ~ mJ<_2+D(a,+a3 ) 

j=O 

If al and a3 are small enough, then II(Qx)(t)l[ <_r. 
Let x~, x2 be arbitrary elements of the ball IIIxlll-< r. Then the following 

inequality is valid: 

IIIQxl - Qx2111 ~ IIIxl -x2111O(a2 +a4) 

i.e., for sufficiently small a2 and a4 the operator Q is contracting. 
Theorem 4 is proved. �9 

Corollary 2. Let the conditions of Theorem 4 hold and let x~(t) and 
x2(t) be two solutions corresponding to the initial values ~ and r/. Then for 
D(a~ +a3) < 1 the following estimate is valid: 

D 
Ilxl(t) -x2(t)II ~ 114- ~IP ( tE~+) 

1 - D ( a I  + a3) 

Proof For ]1xl (t) - x2(t)][ the following estimate is valid: 

][x,(t)-x2(t)l{<_]l~-rl[pD+D k(r)llx~(r)-x2(r)ll dr 

+ D ~ kjllx,(tj)-x2(tj)rl 
j=0 
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Set u(t) = IlXl(t) - x2(t)]h and consider the equation 

J0 u(t) = a + D k( r )u ( r )  dr  + D kju(tj) (23) 
j=o 

where a =  I I~-o l ID.  Introduce the functional q): C ~ R+,  where C is the 
space of all bounded on R+ functions with values in R+ which are continu- 
ous f rom the left, by the formula 

( O u ) ( t ) = D  k( r )u ( r )  dr + D  ~ _ kju( t j )  
j=o 

For  the norm of �9 we obtain the estimate 

(fo I[q~[I < D  k('c) d r +  kj < ~ D ( a l  +a3) 
j=o 

For sufficiently small a~ and a3 we have I[q~ll < 1. 
Let Ic  be the identity of  the space C. Then the equation ( I c -  �9 )u = a 

has a bounded solution u(t), i.e., there exists a constant c for which Hu(t)II -< c 
(t~ R+). We shall estimate the constant c from equation (26): 

f0 c < a + Dc k(  r ) dv + Dc kj <_ a + Dcal + Dca3 
j~o 

Finally we obtain 

a 
C_< 

i.e., 

1 - D(aj + as) 

I1~- r/liD 
II x ,  ( t)  - x : (  t)  II <- 

1 - D ( a ,  + a3) 

Corollary 2 is proved. [] 
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