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Existence of Solutions of Nonlinear Impulsive
Differential Equations with Exponentially
Dichotomous or Dichotomous Linear Part

D. D. Bainov,' S. I. Kostadinov,' and P. P. Zabreiko®

Received October 2, 1990

Sufficient conditions for the existence and uniqueness of solutions of nonlinear
impulsive differential equations with exponentially dichotomous or dichotomous
linear part are found.

1. INTRODUCTION

The present paper is devoted to the fundamental theory of impulsive
differential equations in a Banach space. The main results are obtained under
the assumption that the linear part of the impulsive differential equation
considered is exponentially dichotomous or dichotomous. Some of the
results obtained are new for equations without impulse effect as well.

2. STATEMENT OF THE PROBLEM

By 7 we shall denote R or R =[0, c0) and by J we shall denote either
Z or N v {0}.

Let X be an arbitrary Banach space with identity idy. Consider the
impulsive differential equation

dx
—=A(x+F(t, X) |2, (D
dt
xX(ty) = Qux(ty) + Hy(x(1,))  (neJ) 2
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where T={t,},., is a finite or infinite sequence in /. We shall say that
condition (H1) is satisfied if the following conditions hold:

HI1.1. A(¢) (tel) is a continuous operator-valued function with values
in the Banach space L(X) of all linear bounded operators acting in X.

H1.2. Q.,eL(X) (neJ).

H1.3. The function F(¢, x): IXxX — X is continuous.

Hl.4. H,: X - X (reJ) are continuous operators.

H1.5.
by <tnsi (nel) 3)
lim #,=+o00 4)
n—=xoo

Consider the linear impulsive differential equation

%:A(t)x (t#t,, neJ) (5)
x(t)=0ux(t,)  (neJ) (6)

As shown, for instance, in Zabreiko et al. (1988), if the operators Q,
have bounded inverse ones, then for the linear equation (5), (6) there exists
a Cauchy operator U(z) (tel) by means of which each solution x() of (5),
(6) for which x(7)=£eX has the form

x(H)=UU " (r)& (1, tel)

Definition 1. The linear impulsive differential equation (5), (6) is said
to be exponentially dichotomous if in X there exist projectors P4 and P-
(P, +P_=idy) and positive constants Ny, N,, v; and v, for which

|UOPL U ()| <Ne "7 (s<t;1,5€l) (7
|UP-U (1) < Noe™"¢7? (t<s;t, sel) (8)

Definition 2. The linear impulsive differential equation (5), (6) is said
to be dichotomous if in X there exist projectors P, and P_ (P, +P_=idyx)
and a positive constant D for which

1UHP. U (0)|<D  (s<t; t,sel) 9)

IUOP-Ut)<D  (1<s; t,s€l) (10)

The exponential dichotomy and the dichotomy of linear ordinary
differential equations in a Banach space have been investigated, for instance,
Daleckii and Krein (1974) and Massera and Schiffer (1966). Some initial
investigations of these properties for linear impulsive differential equations
have been carried out in Bainov et al. (1989a,b).
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Definition 3. The nonnegative function m(¢) is said to be integrally
bounded if for some />0 the following inequality is valid:

t+!
B(m(t)) =sup j m(1) dt < oo (1D

Definition 4. The sequence of nonnegative numbers {m,},c, is said to
be integrally bounded if the following inequality is valid:

B(m;)=sup KEM limyl| < o0 (12)

Set N
L(m(1)) =f m(t) dr (13)
L(m;) = _lem,- (14)

We shall say that the function F(¢, x) (¢€l, xeX) and the operators H;
(jeJ) satisfy the condition (H2) if the following conditions hold:
H2.1.

15 ) <m(t)  (Ix|<r, tel) (15)

H2.2.
1E(t, x1) — F(t, x2) | k(D) ||l x1 = xall([xall, [xall <, ze1) (16)

H2.3.
IH{(x) | <m;  (ixll<r, jeJ) (a7

H2.4.
IHx) — Hix) | <kjlxi— x| (Ixl<r, jeJ) (18)

Definition 5. The function F(z, x) and the operators H, belong to the
class ED(a, a2, a3, a4, 1) if the functions m(r) and k(¢) are integrally
bounded and B(m(t)) <a:, B(k(t))<a,, and the sequences {m;} and {k;}
are integrally bounded and B(m;) <as, B(k;)<a.

Definition 6. The function F(z, x) and the operators H; are said to
belong to the class D(ai, a, a3, a4, r) if the functions m(7) and k(¢) are
integrable on / and L(m(t))<a,, L(k(t)) <a,, and the sequences {m;} and
{k;} are summable on J and L(m;)<as, L(k;) <aa.
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3. MAIN RESULTS

Theorem 1. Let the following conditions hold:

1. The linear impulsive differential equation (5), (6) is exponentially
dichotomous with projectors P; and P,.

2. Conditions (H1) and (H2) hold.

3. F(1, x) and H, belong to the class ED(a,, a2, a3, as, r).

4. The operators @, have bounded inverse ones.

Then for an arbitrary r> 0, for sufficiently small values of a1, az, as, a4
the impulsive equation (1), (2) has a unique solution x(r) which is defined
for teR and for which |x(¢)| <r (teR).

Proof. Let C(X) be the space of all bounded functions x: R — X which
are continuous for t¢ 7, have discontinuities of the first kind for te 7, and
are continuous from the left, with norm

lix(l}= sup Ix(2)]

The space C(X) is Banach. Consider the operator Q: C(X) — C(X) defined
by the formula

(QX)(I)=JOo G(1, T)F(7, x(7)) dr + OZOZ G(t, ;OH(x(1))  (19)

o Jj=—
where

UP, U (1), T<t

e (r,1eR)
—UnPU (1), <t

G(1, 7) ={

We shall show that the ball |||x]|| < is invariant with respect to Q and
the operator Q is contracting. The following inequality is valid:

(@x)(D)] Sj 1G(, D) 1£(z, x(2))]| dT

o

+J 1G(, DI [ F(z, x(2) | dr

+ G )| [HA @)

<t

+ 316G ) THx()] (20)

=
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It is standard to verify that for the first and second integrals in (20) the
following estimates are valid:

t N .
J 16 ) IF(z, x(@)] dr <=
* - N
J 16(, DI 1. x(0) ] de <=
Analogously for the sums in (20) we obtain the estimates
N
T G 1 @) <1
N,
%G ) ) <72

t<t

For sufficiently small a,, a; the operator Q maps the ball |}jx]|| <r into
itself,

Let x;, x; be arbitrary elements of the ball |jjx||| <r. Then it is standard
to verify that for [|Qx(f) — Qx,(¢)|| the following estimate is valid:

1(@x1)(2) = (@x2) (D) |

N N. N N.
az :’ + [47) _2 + aa _1 ] + (22 —2 [>
1= 1—e™™ 11— 1—¢™"

S|||x1—le||<

For sufficiently small a, and a4 the operator Q is contracting in the ball
[IIx]|| <7, hence it has a unique fixed point. It is not hard to verify that each
solution of the impulsive equation (1), (2) lying in the ball ||lx||| <r is also a
solution of the equation

x(1) = Qx(1)

and vice versa.
Theorem 1 is proved. W

Remark 1. If the conditions of Theorem 1 are fulfilled and if, moreover,
F(1,0)=H{0)=0 (teR,jeZ), then x=0 is a unique solution of (1), (2)
in C(X).

Theorem 2. Let the following conditions hold:

1. The linear impulsive equation (5), (6) is dichotomous with projectors
P] and Pz.

2. Conditions (H1) and (H2) hold.

3. F(¢, x) and H; belong to the class D(a;, a2, a3, as, 1).

4. The operators Q, have bounded inverse ones.
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Then for each r for sufficiently small values of a;, a», a;, and a, the
impulsive equation (1), (2) has a unique solution x(z) which is defined for
teR and for which ||x(1)|| <r (1eR).

Proof. In the proof of Theorem 1 it was mentioned that each solution
x(¢) of the impulsive equation (5), (6) satisfies the equation

(1) = f G, D)F(r, () det+ S G, 6V H(x(1))

oo j=—o

and vice versa. For [[(QOx)(?)]|, where the operator Q is defined in (19), we
obtain the following estimate:

HQX(X)HSDJ IF(z, x())l| dv+ D i IH(x ()l

—o0 Jj=—o0

SDJ m(t)ydr+D Y my

—o0 Jj=—w

= D(L(m(t)) + L(m;)) < D(a, + as)

For sufficiently small @, and a3, Q maps the ball |||x||| <r into itself. Let x;,
x, be arbitrary elements of the ball |||x||| <r.
Then for |||@x; — Ox,||| we obtain the estimate

1Qx1 = Ox.lll < Dlllx; — x2lll(a2 + aa)

For sufficiently small @, and a4 the operator Q is contracting and has
just one fixed point in the ball |||x]]|<r.
Theorem 2 is proved. W

Theorem 3. Let the following conditions hold:

1. The linear impulsive equation (5), (6) is exponentially dichotomous.

2. Conditions (H1) and (H2) hold.

3. F(t, x) and H, belong to the class ED(ay, a,, a3, aa, r).

4. The operators @, have bounded inverse ones.

Then for each r for sufficiently small a1, a,, a5, and a4 there exists p<r
such that for ||£] < p the impulsive equation (1), (2) has a unique solution
x(#) on R, for which Pix(0)=¢ and |x(0)l| <r (zeR.).

Proof. Tt is standard to check that each solution x(#) of (1), (2) on R+
satisfies the equation

x(1)=(Qx)(1) (21)
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where Q is an operator defined by the formula

(@x)()=U(n)g +j® G(1, 1)F(1, x(7)) dr

+ Of: G(t, 7Y H{(x(1)) (22)
j=0

and conversely, each solution of (21) lying in the ball |||x]|| <7 is a solution
of (1), (2).
It is not hard to check that for {|(Qx)(¢#)|| the following estimate is valid:

X)) S%+ {Nl J e T | F(r, x(7)) || dr

+ N, Jw e T (e, x(1))| df}

!

+{N1 S e | H (1))

<t

+N, Y e T H(x(1)) II}

1<t

For sufficiently small a; and a5, Q maps the ball |||x||| <r into itself and
it is a contracting operator.
Theorem 3 is proved. W

Corollary 1. Let the conditions of Theorem 3 hold and let x;(f) and
x,(f) be two solutions corresponding to the initial data £ and 7. Then the
following estimate is valid:

() -0 <Cue™ I E—nl  (1eR.)
where C,>0 is a constant and u (0, min(v,, v,)).

Proof. From representation (24) and the conditions of Theorem 3 for
u(2) =x,(t) — x2(1)|| there follows the validity of the inequality

u(®)<|E—nlNe ™ +j Nie™ " Om(tyu(r) dr
0

+f Noe "7 Om(n)u(r) dr + Y Nie """ Pmuu(t;)

Lt
+ Y Noe” " Omuu(t;)
t,>l
which implies the assertion of Corollary 1 [see Theorem 3 of Bainov et al.
(1989a2)]. W
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Theorem 4. Let the following conditions hold:

1. The linear impulsive equation (5), (6) is dichotomous.

2. Conditions (H1) and (H2) hold.

3. F(t, x) and H; belong to the class D(a,, az, as, a4, r).

Then for any r> 0 for sufficiently small values of a,, a2, as, and a, there
exists p <r such that for { £ < p the impulsive equation (1), {2) has a unique
solution x(¢) on R, such that P1x(0)=¢& and ||x(O)] <r (teR4.).

Proof. In the proof of Theorem 3 it was mentioned that each solution
of (1), (2) lying in the ball |||x||| < r satisfies equation (21) and vice versa. For
{Ox)(1)|l, where the operator Q is defined in (22), we obtain the estimate

I@0@I<D- +D f " o) dr

0

+D Y mjs£+D(a1+a3)
j=0 = 2

If a; and a3 are small enough, then |[(Qx)(HI <r.
Let x;, x» be arbitrary elements of the ball {|jx|[| <r. Then the following

inequality is valid:
1Qx1 ~ Oxall| < |llx1 = x2/l|D(a2 + aa)

i.e., for sufficiently small a, and a4 the operator Q is contracting.
Theorem 4 is proved. B

Corollary 2. Let the conditions of Theorem 4 hold and let x,(¢) and
x2(1) be two solutions corresponding to the initial values £ and 1. Then for
D(a,+ a3) <1 the following estimate is valid:

D
||x1(f)“xz(f)|]ﬁl—_m||§_n” (teRy)

Proof. For |x;(t)—x,(¢)| the following estimate is valid:
[x(D—x2D<NE—nID+D J k()[lxi(7) — x2(7)ll dT
0

+D Y Kylei() =)

j=0
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Set u() = ||x1(t) = x2(¢)|| and consider the equation
u)=a+D J‘OO k(tu(t)dr+D i ku(t)) (23)

0 J

where a = | —n| D. Introduce the functional ®: C — R, , where C is the
space of all bounded on R, functions with values in R.. which are continu-
ous from the left, by the formula

(Du)(H)=D J ) k(t)u(t) dt+D § ku(t;)
0 j=0

For the norm of ® we obtain the estimate

[ SD(JOO k(t)dr+ § kj>sD(a1 +as)

j=0

For sufficiently small ¢, and a; we have |®| <1.

Let I be the identity of the space C. Then the equation (Ic—®)u=a
has a bounded solution u(?), i.e., there exists a constant ¢ for which {ju(?)|| <c
(teR,). We shall estimate the constant ¢ from equation (26):

c<a+Dc J k(t)dr+Dc Y kj<a+ Dca,+ Dcas
0 j=0
1e.,
a
cL—
1‘D(d] +a3)
Finally we obtain

IE—nID

(0 =0l st

Corollary 2 is proved. W
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